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Abstract
We have studied implications of the generic lopsided mass matrix of the charged
leptons by taking the SU(5) GUT relation in the nearest-neighbor interaction (NNI)
basis. We have found four interesting relations among the lepton mixings and the quark
ones, which are independent of details of the model. These relations are discussed by
using the experimental data. We have also discussed the relation between Ue2 and
Ue3 incuding the contribution from the neutrino mass matrix. We have presented the
probable value Ue3 = 0.05 ∼ 0.16, which is independent of the solar neutrino solutions.
The CP violating quantity JCP is also discussed.
∗) E-mail address: naotoshi.okamura@kek.jp
∗∗) E-mail address: tanimoto@muse.hep.sc.niigata-u.ac.jp
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§1. Introduction
Recent Super-Kamiokande data of atmospheric neutrinos 1) have provided a more solid
evidence of the neutrino oscillation, which corresponds to the nearly maximal flavor mixing
of the neutrinos. The large mixing gives the strong constraint on the structure of the lepton
mass matrices in the three family model. The flavor mixing angles of the neutrinos are
mismatch between the eigenstates of the neutrinos and those of the charged leptons, in
other words between the mass matrices of the neutrinos and the charged leptons. One
interesting idea is that the charged lepton mass matrix (ML) is related with the down quark
one (MD) such as ML = M
T
D , which is given by the unified or the flavor symmetry
2), 3), 4), 5).
Then, the large right-handed mixing for the quarks leads to the large left-handed mixing for
the leptons. The large left-handed lepton mixing with leaving the small left-handed quark
mixing leads to the “lopsided” structure of the mass matrices 6). The model is expected to
present relations among the lepton mixings and the quark ones. Actually, a few authors
have found interesting relations in SO(10) and E6
4), 5).
In this paper, we study implications of the generic lopsided mass matrix by taking the
nearest-neighbor interaction (NNI) basis 7). In this basis, one can take the lopsided texture
for the down-quarks without of loss generality. Assuming the nontrivial relation ML = M
T
D
of the SU(5) GUT in the NNI basis, we examine relations among the lepton mixings and
the quark ones. If the neutrino mass matrix is close to the diagonal one, in other words,
the mixings from the neutrino sector are negligibly small, we find some relations among the
lepton mixings and the quark ones, which are independent of details of the model. These
relations will be tested precisely in the near future. The deviations of these relations are
also discussed taking account the effect of the non-diagonal neutrino mass matrix. Then,
the magnitude of the CP violation in the lepton sector is also discussed.
In section 2, we discuss the quark mass matrices in the NNI basis. In section 3, the
relations between the flavor mixings of the quarks and the leptons are derived in the SU(5)
GUT. In section 4, discussions and summary are given.
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§2. Quark Mass Matrices in the NNI basis
As presented by Branco, Lavoura and Mota 7), both up- and down-quark mass matri-
ces could always be transformed to the non-Hermitian matrices in the NNI basis for three
families. Takasugi 8) has shown that quark mass matrices can be transformed in general to
the Fritzsch type parameterization 9) for the up-quarks with retaining the NNI form for the
down-quarks. In this basis, several authors have found that the down-quark mass matrix
has a lopsided structure by studying the quark masses and Cabibbo-Kobayashi-Maskawa
(CKM) matrix 10) phenomenologically 11), 12).
This basis is consistent with the SU(5) GUT because the up-quark mass matrix is the
symmetric one. In the SU(5) GUT with 5 and 5∗ Higgs multiplets, the charged lepton mass
matrix ML is related to the down quark one MD at the GUT scale as follows:
ML = M
T
D , (2.1)
which gives the nearly maximal mixing of the left-handed unitary matrix for the charged
lepton. On the other hand, the neutrino mass matrix is independent of other fermion matrices
since the neutrino mass is given as 5∗5∗ in the SU(5) GUT ∗). Thus, the lepton flavor mixing,
so called the Maki-Nakagawa-Sakata (MNS) mixing matrix Vαi
13), is undetermined due to
lack of information of the neutrino sector in spite of eq.(2.1).
This situation is understandable because we only choose a convenient basis for quark sec-
tors in order to give the maximal mixing of the left-handed charged lepton through eq.(2.1).
There is a lot of freedoms in the neutrino mass matrix. Once a model as to the flavor struc-
ture is put, the neutrino mass matrix is fixed, and then, one can predict the MNS mixings.
However, almost models with the lopsided structure of the charged lepton mass matrix 2)
give small mixings in the neutrino mass matrix ∗∗). In these models, the MNS matrix is
mainly determined by the charged lepton mass matrix. Therefore, the NNI basis in eq.(2.1),
∗) The neutrinos are supposed to be Majorana particles.
∗∗) Nomura and Yanagida 2) built a model with the maximal mixing between the first and second family
in the neutrino mixing matrix. This case corresponds to the bi-maximal mixings.
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which was taken by Hagiwara and Okamura 3), seems to be a physically meaningful one .
We work in the NNI basis with eq.(2.1), and so we investigate the relations between the
CKM and the MNS mixings neglecting the contribution from the neutrino mass matrix as
the first step. Generic relations are also discussed including the contribution of the neutrino
sector.
We assume that oscillations need only account for the solar and the atmospheric neutrino
data. Our starting point as to the neutrino mixing is the large νµ → ντ oscillation of the
atmospheric neutrinos with ∆m2atm = (2 ∼ 5) × 10−3eV2 and sin2 2θatm ≥ 0.88, which is
derived from the recent data of the atmospheric neutrino deficit at Super-Kamiokande 1).
For the solar neutrinos 14), we take into account of still allowed solutions, the small mixing
angle (SMA) MSW 15), the large mixing angle (LMA) MSW, the low ∆m2 (LOW) and the
vacuum oscillation (VO) solutions 16).
We begin with writting the quark mass matrices in the NNI-form without loss of gener-
ality. Following ref. 8), the up-quark mass matrix ia taken as the Fritzsch texture 9) at the
SU(5) GUT scale:
MU = m3


0 au 0
au 0 bu
0 bu cu

 , (2.2)
where m3 is the third family mass and each parameter (au, bu, cu) is written as
au =
√
m1m2
m3 (m3 −m2 +m1)
≃
√
m1m2
m3
,
bu =
1
m3
√√√√(m3 −m2) (m3 +m1) (m2 −m1)
(m3 −m2 +m1)
≃
√
m2
m3
,
cu = 1−
m2
m3
+
m1
m3
≃ 1 , (2.3)
wherem2 andm1 stand for the second and the first family up-type quark masses, respectively.
All elements in the up-quark mass matrix can be taken real numbers without losing generality
in this basis, and au ≪ bu ≪ cu is obtained due to the up-quark mass hierarchy.
On the other hand, down-quark mass matrix, which is the NNI-form texture at the SU(5)
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GUT scale, is
MD = m3


0 ade
iθα 0
cde
−iθα 0 bde
iθβ
0 dd ed

 , (2.4)
where m3 is the third family mass and all parameters are real. The phase assignment in
eq.(2.4) is generic one. In terms of down-quark mass (m3, m2, m1) and two dimension-less
parameters (yd, zd), which is assumed to be of order one, all parameters in eq.(2.4) are
written as 11)
ad = qd
zd
yd
=
√
m2m1
m3
zd
yd
,
bd =
√
pd
(1− y4d)
≃ m2
m3
1√
1− y4d
,
cd = qd
1
zdyd
=
√
m2m1
m3
1
zdyd
,
dd =
√
1− y4d ,
ed = y
2
d , (2.5)
where pd and qd are defined as
pd =
m21 +m
2
2
m23
,
qd =
√
m1m2
m3
. (2.6)
Thus, five unknown parameters are given by three down quark masses and the parameters
(yd, zd).
By takingMUM
†
U andMDM
†
D, one obtains the CKM matrix elements up to O(λ
2), where
λ is the Cabibbo angle, in terms of quark masses and parameters yd, zd, θ:
Vus ≃ ydzd
√
md
ms
−
√
mu
mc
eiθ , (2.7)
Vcb ≃ y
2
d√
1− y4d
ms
mb
eiθ −
√
mc
mt
e−iθα , (2.8)
Vub ≃ ydzd
√
1− y4d
y2d
√
md
ms
ms
mb
+
√
mu
mc
Vcb , (2.9)
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where θ is defined as
θ = θβ − θα . (2.10)
Thus, the CKM matrix elements are given in terms of mass eigenvalues and four parameters
yd, zd, θα and θβ. These equations are satisfied up to O(λ
2). It is emphasized that y4d ≃ 1/2
leads to the lopsided down quark mass matrix, which is consistent with the experimental
data.
§3. Relations of Flavor Mixings in SU(5)
In this basis, we assume the SU(5) GUT relation between the down-quark mass matrix
and the charged lepton one. Taking account of eq.(2.1), MLM
†
L is written as
MLM
†
L =M
T
DM
∗
D =


c2d 0 cdbde
−i(θα+θβ)
0 a2d + d
2
d dded
cdbde
i(θα+θβ) dded b
2
d + e
2
d

 , (3.1)
which is diagonalized by the following unitary matrix U e:
(U e)† =


1 −
√
m1
m2
y2
yz
√
m1
m2
√
1− y4
yz
− 1
yz
√
m1
m2
m2
m3
y2 −√1− y4
y
z
√
1− y4
m2
√
m1m2
m23
√
1− y4 y2




ei(θα+θβ) 0 0
0 1 0
0 0 1


+O(λ2)
(3.2)
where y = yd, z = zd and mi is the i-th family charged-lepton masses at the SU(5) GUT
scale. Due to Me = M
T
d , the charged-lepton masses are same as the down-quark masses.
In order to get the realistic charged-lepton mass hierarchy, the higher dimensional mass
operator may be added in the mass terms. We take account this effect by using the physical
charged lepton masses since y and z are independent of the mass eigenvalues. Then, y and z
in the leptons are any more different from the ones in the down-quarks. With the expresion
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U eαi (α = e, µ, τ ; i = 1, 2, 3) for the unitary matrix (U
e)†, from eqs.(2.8) and (3.2) we obtain
two relations:
cot θeµτ ≡
∣∣∣∣∣U
e
τ3
U eµ3
∣∣∣∣∣ =
∣∣∣∣∣U
e
µ2
U eµ3
∣∣∣∣∣ =
∣∣∣∣∣U
e
e2
U ee3
∣∣∣∣∣ , (3.3)
and
cot θeµτ =
mb
ms
∣∣∣∣∣Vcb +
√
mc
mt
e−iθα
∣∣∣∣∣ . (3.4)
These are satisfied up to O(λ2).
Furthermore, by using eqs.(2.7), (2.8), (2.9) and (3.2), we obtain the third relation as
follows:
tan θeµτ =
mb
ms
∣∣∣∣VubVus
∣∣∣∣
∣∣∣∣∣1− 1yz
√
ms
md
√
mu
mc
(
eiθ +
y2√
1− y4
mb
ms
Vub
)∣∣∣∣∣
=
mb
ms
∣∣∣∣VubVus
∣∣∣∣
∣∣∣∣∣∣1−
(
ms
mb
eiθ + Vub
)(√
mc
mu
Vub − Vcb
)−1∣∣∣∣∣∣ . (3.5)
Up to O(λ) we obtain the fourth relation as to U eµ1 as follows:
tan θeµτ
∣∣∣U eµ1∣∣∣ =
∣∣∣∣∣Vub
(
1
V 2us
md
ms
)∣∣∣∣∣ . (3.6)
The neutrino mass matrix is unknown in our framework. Assuming that the neutrino
mass matrix is close to the diagonal matrix, the lepton flavor mixing matrix (MNS matrix)
is approximately
UMNS ≃ (U e)† . (3.7)
Then, the two relations in eqs.(3.4) and (3.5) are testable by putting experimental values.
The second relation, eq. (3.4), is different from the ones in refs. 4), 5), where the the contribu-
tion of the up-quark sector is negligible. In the right hand side of eq. (3.4), the contribution
of the up-quarks is comparable to Vcb. Then, the phase θα is an important ingredient in this
relation. We show the allowed region of θα versus
√
mc/mt for tan θ
e
µτ = 0.9, 1, 1.1 in Fig.1,
in which ms/mb = 1/40, Vcb = 0.034, Vus = 0.22 and
√
mc/mt = 0.035 ∼ 0.060 are taken at
the GUT scale 17). This relation is satisfied by taking θα = 130
◦ ∼ 230◦.
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The third one, eq.(3.5), is firstly examined in our work ∗). We have found that the
correction terms reach up to 50% of the leading term. We show the allowed region of θ versus
Vub in Fig.2. The atmospheric neutrino data sin
2 2θatm ≥ 0.88 is completely consistent with
these two relations if relevant values of the phases are taken.
The fourth one is not testable because there is no data of U eµ1. The interesting relation is
the first one, which is the relation among the lepton mixings. Since we find |U ee3| ≃ |U ee2| ∼√
m1/m2 as seen in eq.(3.2), these elements are small ones. If the contribution of the mixing
angle from the neutrino mass matrix is small, we must take the SMA-MSW solution for
the solar neutrinos. The relation |U ee3| = tan θeµτ |U ee2| should be tested in the near future
∗∗). For the present the CHOOZ bound 18) |Ue3| < 0.16 is only available. The long baseline
experiments are expected to observe the |Ue3| element in the near future
Until now, we have neglected the contribution from the neutrino sector. If above relations
turn to be not satisfied by experimental data in the future, we should consider the effect of
the neutrino sector. For example, the LMA-MSW, LOW and VO solutions are inconsistent
with above relations. Let us consider the effect of the neutrino mass matrix in general. The
MNS matrix is defined as
VMNS = (U
e)† UνP , (3.8)
where Uν is the unitary matrix which diagonarizes the neutrino mass matrix, and P is the
Majorana phase matrix which we neglect in our paper. Hereafter we write the MNS matrix
without P as UMNS. The Uν is parametrized as
Uν =


1 0 0
0 eiϕ2 0
0 0 eiϕ3


×


C13C12 C13S12 S13e
iϕ1
−C23S12 − C12S13S23e−iϕ1 C12C23 − S12S13S23e−iϕ1 C13S23
−C12C23S13e−iϕ1 + S12S23 −C23S12S13e−iϕ1 − C12S23 C13C23

 , (3.9)
∗) In the case of neglecting correction terms, the relation was tested in ref. 5).
∗∗) This relation has been also discussed in the SO(10) model of ref. 4).
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where Sij (Cij) is sin θij (cos θij) (i and j is the family index). In this parametrization, the
relevant MNS mxings are given as
Ue2 = U
e
e1S12C13e
iθ′ + U ee2
(
eiϕ2C12C23 − ei(ϕ2−ϕ1)S12S13S23
)
−U ee3
(
ei(ϕ3−ϕ1)S12S13C23 + e
iϕ3C12S23
)
, (3.10)
Ue3 = U
e
e1S13e
iφ1 + U ee2C13S23e
iϕ2 + U ee3C13C23e
iϕ3 , (3.11)
Uµ3 = U
e
µ1S13e
iφ1 + U eµ2C13S23e
iϕ2 + U eµ3C13C23e
iϕ3 , (3.12)
where θ′ = θα + θβ and φ1 = ϕ1 + θα + θβ .
Due to U ee1 ≃ 1 and U ee2 ≃ U ee3, eq.(3.11) is rewritten as
Ue3 ≃ S13eiφ1 + U ee2C13
(
S23e
iϕ2 + C23e
iϕ3
)
. (3.13)
Since Ue3 is small from the CHOOZ experiment, S13 should be very small. Then, we obtain
approximately
Uµ3 ≃ U eµ3
(
S23e
iϕ2 + C23e
iϕ3
)
, (3.14)
where we used U eµ2 ≃ U eµ3 by taking y4 ≃ 1/2. We require that Uµ3 is maximal as suggested
from the experiments. Since U eµ3 is already maximal, we get a condition
∣∣∣S23eiϕ2 + C23eiϕ3 ∣∣∣ ≃ 1 , (3.15)
which leads to θ23 = 0 or ϕ3 − ϕ2 = pi
2
. On the other hand, for Ue2 we have
Ue2 ≃ S12eiθ′ + U ee3C12
(
C23e
iϕ2 − S23eiϕ3
)
. (3.16)
Then, we get the modified relation between Ue3 and Ue2 from eqs.(3.13) and (3.16) as follows:
Ue3 ≃ tan θµτ C13
C12
(C23e
iϕ3 + S23e
iϕ2)
(C23eiϕ2 − S23eiϕ3)
(
Ue2 − eiθ′S13
)
+ eiφ1S13 , (3.17)
in which S23 ≃ 0 or ϕ3 = ϕ2 + pi
2
. This relation is reduced to
Ue3 ≃ tan θµτ C13
C12
(
Ue2 − eiθ′S13
)
ei(ϕ3−ϕ2) + eiφ1S13 , (3.18)
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for S23 = 0(C23 = 1), and
Ue3 ≃ i tan θµτ C13
C12
(
Ue2 − eiθ′S13
)
+ eiφ1S13 , (3.19)
for ϕ3 = ϕ2+
pi
2
. In each cases, the relation between Ue2 and Ue3 is independent of S23(C23).
As seen in eq.(3.2), we get U ee2 ≃ U ee3 ≃ 0.05 by putting experimental values me/mµ =
0.07 and y2 =
√
1/2. If the SMA-MSW solution, Ue2 = 0.02 ∼ 0.05 16), is true, S12 is
expected to be at most of order O(λ2) from eq.(3.16). On the other hand, Ue3 depends on
S13 as seen in eq.(3.17). As far as the strong cancellation between the first term and the
second one is not occured, we expect Ue3 ≃ 0.05 ∼ 0.16.
If the LMA-MSW, LOW or VO solution is true, S12 is expected to be around 1/
√
2.
Then, the MNS mixing Ue2 is dominated by S12 in the neutrino sector. Ue3 is also expected
to be 0.05 ∼ 0.16 as well as the SMA-MSW solution.
§4. Discussions and Summary
We have presented the generic relation between Ue2 and Ue3. Akhmedov, Branco and
Rebelo 19) have also presented model-independent relations of them in the basis of the charged
lepton mass matrix being diagonalized. They have assumed that there is no fine-tuning
between parameters of the mass matrix, and so have predicted Ue3 for each solar neutrino
solutions. Our general result is different from their one, because Ue3 could be 0.05 ∼ 0.16
independent of the solar neutrino solutions. The important point is that the fine-tuning
depends on the basis of the mass matrices. Even if the fine-tuning is occured among the
elements of the neutrino mass matrix in the basis of the charged lepton mass matrix being
diagonalized, there is the other basis without fine-tuning, for example, the lopsided basis of
the charged lepton mass matrix. Let us move to the diagonal basis of the charged lepton
mass matrix from the lopsided basis through the bi-unitary transformation. Then, (1-2) and
(1-3) entries of the neutrino mass matrix in the new basis are almost same due to the nearly
maximal rotation in the second and the third family space even if the original neutrino mass
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matrix is the hierarhical one without the fine-tuning among each entry. This transformed
neutrino mass matrix looks like to have a fine-tuning of the parameters. However, this
fine-tuning is not accidental. The important issue is that one should take a preferred basis,
where there is no accidental fine-tuning, for the mass matrices. Thus, the possibility of
Ue3 = 0.05 ∼ 0.16 is justified independent of the solar neutrino solutions.
It may be helpful to comment on the CP violation in the lepton sector. As seen in
eqs.(3.10-3.12), the CP violating phases appear when the contribution of the neutrino mass
matrix is taken account. Therefore, there is no relation between CP violations in the leptons
and the quarks. In order to discuss the magnitude of the CP violation of the leptons, we
estimate the quantity JCP
20). Neglecting the higher order terms of S13 and U
e
e3, Jarlskog
parameter JCP is obtained as follows:
JCP = −1
2
C12S12C
2
13
{
S13
(
S223 sin (ϕ1 − ϕ2 + ϕ3)− C223 sin (ϕ1 + ϕ2 − ϕ3)
)
+U ee3C13
(
C323 sin (θ
′ − ϕ2)− C23S223 sin (θ′ + ϕ2 − 2ϕ3)
−C223S23 sin (θ′ − 2ϕ2 + ϕ3) + S323 sin (θ′ − ϕ3)
)}
, (4.1)
which is reduced to
JCP =
1
2
C12S12C
2
13 {S13 sin (ϕ1 + ϕ2 − ϕ3)− U ee3C13 sin (θ′ − ϕ2)} , (4.2)
for S23 = 0 (C23 = 1), and
JCP = −1
2
C12S12C
2
13 {S13 cosϕ1 + U ee3C13 sin (θ′ − ϕ2 − θ23)} , (4.3)
for ϕ3 = ϕ2 +
pi
2
. Here θ23 is mixing angle of the S23 (C23). Thus, the CP violating effect
depends on S12 and S13, which comes from the neutrino mass matrix.
We have studied implications of the generic lopsided mass matrix of the charged leptons
by taking the SU(5) GUT relation in the NNI basis. We have found four interesting relations
among the lepton mixings and the quark ones, which are independent of the details of the
model, neglecting effects of neutrino mass matrix. Two relations among them are examined
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by using the experimental data. These are satisfied by the experimental data. We have
also discussed the relation between Ue2 and Ue3 incuding the contribution from the neutrino
mass matrix. We have presented the probable value Ue3 = 0.05 ∼ 0.16, which is independent
of the solar neutrino solutions. The Ue3 is expected to be measured in the long baseline
experiments in the near future.
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Fig.1: The allowed curves of θα versus
√
mc/mt for tan θµτ = 0.9, 1.0, 1.1 in the relation
of eq.(3.4). We fix ms/mb = 1/40, Vcb = 0.034 and Vus = 0.22 at the GUT scale.
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Fig.2: The allowed curves of θ versus Vub for tan θµτ = 0.9, 1.0, 1.1 in the relation of
eq.(3.5). The ms/mb = 1/40, Vcb = 0.034 and Vus = 0.22 are taken at the GUT scale.
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